FACTORIZATION AND REFLEXIVITY ON FOCK SPACES 



Alvaro Arias and Gelu Popescu 

Abstract. The framework of the paper is that of the full Fock space lF 2 {TL n ) and 
the Banach algebra F°° which can be viewed as non-commutative analogues of the 
Hardy spaces H 2 and if 00 respectively. 

An inner-outer factorization for any element in J 2 (?i n ) as well as characteriza- 
tion of invertible elements in F°° are obtained. We also give a complete character- 
ization of invariant subspaces for the left creation operators Si, ■ ■ ■ , S n of J r2 (7i n ). 
This enables us to show that every weakly (strongly) closed unital subalgebra of 
{ip(Si, ■ • ■ , S n ) '■ V G F°°} is reflexive, extending in this way the classical result of 
Sarason [S]. 

Some properties of inner and outer functions and many examples are also consid- 
ered. 



0. Introduction 

Let H p , 1 < p < 00 be the classical Hardy spaces on the disk. H 2 is a Hilbert 
space with orthonormal basis {z n }'^L and it is well known that if ip £ H°°, then 
j = ||AL,||, where JIL : H 2 — > H 2 is the multiplication operator. Hence, 



(1) IMloo = sup {||<£>p||2 : IMh < 1, and p is a polynomial on z}. 

The set of polynomials on z, V(z), determine the Hardy spaces: H 2 is the closure 
of V(z) in the Hilbert space with orthonormal basis {z n } < ^L . Once we have H 2 , 
H°° consists of all ip £ H 2 such that (1) is finite. 

In [Po3], [Po4] the second author introduced and studied a "non-commutative" 
analogue of H°° . Let V be the set of polynomials in n non-commutative indeter- 
minates e\, • • • , e n . To stress the non-commutativity of the product we use tensor 
notation; (i.e., e\ ® represents the product of e\ and and is different from 
ei <8> ei). A typical element of V looks like 

m 

(2) V = a + E 
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where m E N and ao,a ir .. !|; G C. Let jF 2 (7i n ) be the Hilbert space having the 
monomials as an orthonormal basis (i.e., 1 and the elements of the form e% x <E> • • • <E> 
ej fe ). This will be viewed as analogue to H 2 ; V is dense there. 
Define F°° as the set of all g E T 2 {H n ) such that 

(3) IMloo = sup {\\g®vh -peV, \\p\\ 2 < 1} < oo, 

where || • || 2 = || • \\j*{n n )- 

It is easy to prove (see [Po3]) that (-F 00 , || • W^) is a non-commutative Banach 
algebra (if f,g E then f ®g E F°° and ||/ ® g\\oo < ||/||oo||fi r ||oo) which can be 
viewed as a non-commutative analogue of the Hardy space H°°; when n = 1 they 
coincide. 

F°° shares many properties with H°°. For instance, the second author (see 
[Po3]) extended the classical von Neumann's inequality [vN] to polynomials in 
He proved that if Ti, • • • , T n E B{H), for some Hilbert space H, are such that the 
operator matrix [Ti • • - T n ] is a contraction (i.e., || ^27=1^^*11 — -0 ^ nen f° r ever y 

||p(T 1 ,...,T n )||<||p|| 00 , 

where p(T\, ■ ■ ■ ,T n ) is obtained from (2) by replacing the e^'s by Tj's. 

There are also many analogies with the invariant subspaces of H 2 , inner and 
outer functions in H°°, Toeplitz operators, etc. (see [Po2], [Po4]). We will give 
precise definitions for many of these facts below. 

For i < n define Si : JF 2 (H n ) — > JF 2 (7i n ) by Siip = <g> V- These are unilateral 
shifts with orthogonal final spaces and are analogue to S = M 2 : If 2 — >• if 2 , 
multiplication by 2, the unilateral shift on H 2 . 

For ip E F°° let (p(S u •••,£„): J 2 (H n ) -> f 2 (H„) be defined by • • • , S n )V> = 
tp ® xj) iox every -0 e JF 2 (7i n ). Following the classical case the second author (see 
[Po4]) defined: 

1. (f E F°° is inner iff <£>(<Si, • • • , S n ) is an isometry on jF 2 (7i n ), and 

2. v? E F°° is outer iff <p <g> T 2 {Hn) is dense in T 2 {H n ). 
In this paper we define 

o „/. ^- T-2/-LJ \ • — -<-„„ -a „/. ,0 t> :„ J — „„ t-2/-lj ~\ 
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In Section 1 we will set the notation, terminology and prove a few elementary 
facts about jF 2 (7i n ), F°° and inner and outer functions. In Section 2 we will 
study some factorization properties of inner and outer functions and will complete 
the characterization of the invariant subspaces for Si, • • • , S n started in [Pol]. In 
Section 3 we will provide many examples of inner functions. We will see that the 
theory of inner functions is more interesting in the non-commutative case than in 
the commutative one. In Section 4 we will prove that every weakly (strongly) closed 
unital subalgebra A of F°° is reflexive; i.e., Alg Lat^4 = A. The proof of this uses 
most of the examples of inner functions presented in Section 3. We will finish in 
Section 5 with some open problems. 

1. Preliminaries 

In this section we will set the notation, terminology and prove a few elementary 
facts. 

F 2 (H n ) is called the full Fock space on the n-dimensional Hilbert space H n with 
orthonormal basis (ei, • • • , e n ). It is usually represented by 

T 2 (H n ) = CI © n® m . 

m>l 

Let A = {1, 2, • • • , n} be fixed throughout the paper. For every k > 1, let F(k, A) 
be the set of all functions from {1, 2, • • • , k} to A, and let 

oo 

T= \jF(k,A), 

fe=0 

where F(0,A) stands for {0}. We use T to describe jF 2 (7i n ) and simplify the 
notation. If / e F(k,A), let 

e f = e /(i) ® e /(2) ® " • ® e f(k)i and for k = 0, e = 1. 

Then T 2 {U n ) is the Hilbert space with orthonormal basis {ef : / e JF}. 

Moreover, we use T to describe finite products. If T 1; T 2 , • • • , T n e B(H) for 
some Hilbert space H, and / G F(k, A) we denote 



(4) 



T f = T /(i) T /(2) • • • T f{k) , T = I. 
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Lemma 1.1. Let (p, ip E If (p & ip = 0, then (p = or ip = 0. 

Proof. Let <p = feT a f e f an< ^ V 7 = YlgeF^gZg be non-zero elements. Let k is 
the smallest integer such that for some / G F(/c,A), aj 7^ 0, and £ the smallest 
integer such that for some g E F(£, A), b g 7^ 0. 

We have that <^<g>7/> = Xl/ie^" Ee;®e =e fe a /^s] Let ^ be such that = ej®eg. 
It is easy to see that 

(<P ® i>, e a ) = ^ a/6 3 = ajb-g ^ 0. 

e f ®e g =e Tl 

Hence, (p ® V 7^ 0- ■ 

Corollary 1.2. Suppose that <p G 99 7^ and t/iat <p = p>®ip. Then ip = 1. 

Proof. Ii tp = <p®ip, then <p <g) (1 — ^) =0. Since <p 7^ 0, we get that 1 — ^ = 0. ■ 

Recall that ip G F°° is inner iff the map ip — > </? ® V is an isometry on jF 2 (7i n ) 
and that ^ G F°° is outer iff ip ^) J 72 (H n ) is dense in jF 2 (?i n ). It is immediate from 
the definitions that 

Proposition 1.3. </? is inner iff {p®ef : f G J 7 } is an orthonormal set in J- 2 {^Hn). 

Proposition 1.4. ip is outer iff there exist h n G JF 2 (7i n ) (or p n G V) such that 
ip®h n ^ e (ip®p n ^ e ) in F 2 {Ti n ). 

We will also use 

Proposition 1.5. Let <p be inner. The map ip ip (E) ip is an isometry on F°° . 
Moreover, if <p = p <E> ip, then ip G F°° if and only if <p G F°° and || -i/^ || 00 = Halloo- 

Proof. Let <p be inner and ip G F°°. For every p E V one has 

|| (<p <g> ® ph = \\p <s> (V 7 ® p)||2 = || V 7 ® plb- 

It follows from (3) that \\(p<8> V'lloo = HV'lloo- 

Suppose now that (p = <p <%> ip. It is clear that sup^-p^ ||0 <g) p||2 is finite if and 
only if supp^-p^ \\ip <S>p\\2 is finite too. ■ 

Proposition 1.6. <p E F°° is inner iff ||</?|| 2 = Halloo = 1- 

Proof. Suppose that ip E F°° is inner. Then ||y||oo > ® e 1 1 2 = IMI2 = 1- On 
the other hand, if p — o/e/G?, we have that \\<p (g) p|| | = X]/ k/lllv 3 ® 6 /!!! = 

l„ J2 _ ||„||2 rpi r II ,„|| ^ 1 
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Conversely, suppose that ||v?||oo = 1Mb = 1- Then for every / G J 7 , 1 = 
1Mb = || V ® e /ll2- It is well known that if x, y G £2 satisfy ||x||2 = IMI2 = 1 and 
ll^iylb < V%, then a; and y are orthogonal. Let f,g £ f ^ g- Since ||<p||oo = 1? 
||(/?(S)e/±(/?®e g ||2 = ||<^<8>(e/±e s )||2 < ||e/±e s ||2 = V%- Therefore, y?<g>e/ _L ip®e g . 
■ 

A sequence S = {S\}\ e \ of unilateral shifts on a Hilbert space Ti with orthogonal 
final spaces is called a A-orthogonal shift if the operator matrix [Si £2 • • • S n ] is non- 
unitary; i.e., C = H Q (0 AeA S\H) 7^ {0}. C is called the wandering subspace of 
S. The second author (see [Po2]) used C to get a Wold decomposition for H. He 
proved that 

(5) f,geF, f^g^S f CLS g C, 

(see (4) for the notation of Sf), and 

(6) n = s>£. 

Moreover the dimension of £, called the multiplicity of the shift, determines up to 
unitary equivalence the A-orthogonal shift. 

A model for the A-orthogonal shifts of multiplicity one is provided by the unilat- 
eral shifts Si : T^iHn) — > F 2 (J-tn) defined by Siip = ei®ip, i < n. These operators 
are also called the left creation operators on the full Fock space. 

Let U : J 72 (7i n ) — > JF 2 (7i n ) be the flip operator defined by Ucp = (p where 

e f = e /(1) <g> • • • <g> e m , Ue f = e f = e f(k) <g> e /(fc _ 1} <g> • • • <g> e /(1) . 

It is easy to check that £/ is unitary and that U = U* = U -1 . We use U to describe 
right multiplication on jF 2 (7i n ). 

Lemma 1.7. Let i/> G JF 2 (H n ) and suppose that 

sup{||p (g> VII2 : peV, \\p\\ 2 < 1} < 00. 
XTien ?/> G F°° and £/ie supremum is equal to HV'lloo- 

Proof. Since t/ is an isometry on jF 2 (7i n ) and C/(p ® q) = U(q) ® = q®p, 
we have 

SUp ||p<g>^|| 2 = SUp ||^(g)p|| 2 = SUp ||^ <g>p|| 2 = Halloo- ■ 
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Remark. U is unbounded in Example 6 of Section 3 tells us that if p(ei) 

is a polynomial in e 1: then ||e 2 <8>p(ei)||oo = ||p(ei)||oo but \\U(e 2 <8> p(ei))||oo = 
lb(ei) <g> e 2 ||oo = lb(ei)|| 2 - 

2. Factorization results 

In this section we will prove 

Theorem 2.1. If ip E F 2 (H n ), ip ^ 0, then there exist <p inner and g outer 
functions such that tp = tp <8> g . Moreover, the factorization is essentially unique 
and ip E F°° if and only if g £ F°° and \\ip\\oo = IMloo- 

And together with [Po3, Corollary 3.5], 

Theorem 2.2. Let $ : F°° -> B(F 2 (H n )) be defined by $((p) = (p(S u --- ,S n ). 
Then: 

(i) $ is an algebra homomorphism. 

(ii) ||$Vll = IMloo, for any ip G 

(iii) V is invertible in F°° if and only if $-0 is invertible in B(J r2 (H n )) . 

To prove Theorem 2.1 we will first complete the characterization of invariant 
subspaces for Si, • • • ,S n started in [Pol] for A-orthogonal shifts of arbitrary mul- 
tiplicity. 

We say that the inner functions cpi, <f2 are orthogonal if ipi ® jF 2 (7i n ) _L ip 2 ® 

Theorem 2.3. If M. C J-^(H n ) is invariant for each Si, ■ ■ ■ , S n then there exists 
a sequence {tp}j e j of orthogonal inner functions such that 

M = Q)F 2 {H n )®(p j . 

jeJ 

Moreover, this representation is essentially unique. 

Proof. Let M. be a nontrivial closed invariant subspace for Si, • • • ,S n . According 
to (6) 

(7) M = S f C, 
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Let be an orthonormal basis in C. According to (5), for each j G J 

(8) Sftfij _L S g <pj, for any f,g eF,f ^ g. 

By Proposition 1.3 we infer that ifj is an inner function. On the other hand the 
relations (7) and (8) imply the following orthogonal decomposition 

M = Q)F 2 {H n )®(p j . 

jeJ 

Suppose that M. = ie /[^ r2 (Hn) © ipi] for some orthogonal inner functions ipi. 
Let C = Vjg/^j. It is easy to see that 

This implies that £ = M. (Si.M © ■ • • © S^-M) is the wandering subspace for 
S\\mi " ' ' ■> S u \m an d C = C! . Since {(pj}j e j and {^ijiei" are orthogonormal basis 
in C we infer that they have the same cardinality and that there exists a unitary 
operator U G B(C) such that U(f>j = ipj, j E J. ■ 

Corollary 2.4. If pi, ip 2 are inner functions such that tp\ © jF 2 (7i n ) = <f2 © 
jF 2 (7i n ), i/ien t/iere exzsfo a G C, |a| = 1 such that <pi = atp2- 

Proof. Let M. = J-" 2 (H n ) © (p\ = !F 2 {1-L n ) © 02- It is clear that M. is invariant for 
Si, • • ■ , S n . It follows from the proof of Theorem 2.3 that [<pi] = [(f>2\. Since <pi, 02 
are normalized in jF 2 (7i n ) there exists a G C, \a\ = 1 such that = a<^2- ■ 

The next lemma will show that all the cyclic invariant subspaces of jF 2 (7i n ) are 
of the form jF 2 (7i n ) © Gp for some inner function <p. 

Lemma 2.5. Let V = {Vi,--- , V n } be a K-orthogonal shift of arbitrary multi- 
plicity acting on the Hilbert space K. If M. C K, is a cyclic invariant subspace of 
V , that is 

M = \J Vfip, for some ip G /C, ip ^ 

then V\m '■= {Vi\mi ' ' ' > ^n|x} is unitarily equivalent to the K-orthogonal shift of 
multiplicity 1. 

Proof. Let ip G /C, V'T^O be a fixed element in /C and let 

M = \/ V)V. 
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Since V is a A-orthogonal shift in /C it follows from (5) and (6) that /C = 
©/ 6 jr VfC, where C = /C (Vi/C © • • • © Vfc/C) is the wandering subspace of V. 

Since V\m is also a A-orthogonal shift let us denote by Co its wandering 
subspace. Therefore, Co C M. and 

(9) ^ = 7/4 where C = M Q {V X M @ ■ ■ ■ ®V n M). 

Consider wo = Pc ip, where Pc is the orthogonal projection from /C onto 
Co. Notice that according to (9) it follows that w ^ 0. Let £ G C be such that 

4 1 i«o- Since Co is wandering subspace for V\m we have 

to JL Vfip, for any / G F(k, A), k > 1. 

On the other hand 

(4,,V) = <4, P£ V) = (4,^o> = 0. 

Therefore, £o -L V/V 7 ) for any f e J 7 . Since £o G .M = V V/?/> we infer 
that £o = 0. Thus, dim £o = 1 and according to [Po3, Theorem 1.2] it follows 
that V\m is unitarily equivalent to the A-orthogonal shift of multiplicity one 

5 = {Si, ■ • • ,S n }. The proof is complete. ■ 

Corollary 2.6. Ifip G F 2 (H n ), ip ^ then there exists an inner function ip G F°° 
such that 

clos[V®ip] = F 2 (H n )®tp. 
Moreover, the representation is essentially unique. 

Proof. Let M. = closfP ip]. It follows from the previous lemma that C = M 
(SiM. © • • • © S n Ai), the wandering subspace for Si\m, • • • > Sn|.M) has dimension 
1. Using Proposition 2.3 we get that .M = JF 2 (7i n ) <^ for some inner function 
The "uniqueness" is a consequence of Corollary 2.4. ■ 

Proof of Theorem 2.1. Let M = clos [P t/>] . Then .M is a nontrivial 
closed invariant subspace for each Si, • • • , S n ■ By Corollary 2.6 it is of the form 
M. = F 2 (H n ) 0, where <p G F°° is inner. Since tjj E M., there must exist 
g G F 2 (H n ) such that 
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Since Cp G M., there exist p n G V such that 

ip = lim p n ® V = nm (Pn ® fiO ® <P = \ lim p n <g) #1 ® <p. 

We use that <p is inner for the last equality. By Corollary 1.2, lim n ^ 00 p n ®^ = eo- 
Hence lim,^^ g ®p n = eo, and using Proposition 1.4 we conclude that g is outer. 
It follows from Proposition 1.5 that g G F°° iff ip G 

Suppose now that ip = <pi <S>gi = <f2 ® <72 for some <p\, <p2 inner and gi, g^ outer. 
Then we have that (pi^)J r2 (H n ) = <f2® J 1 " 2 '(Hn) , and using Corollary 2.4 we get that 
(fi = aip2 for some a G C, |a| = 1. Hence = <p\ <S> g\ — <p>2 <8> 92 = ¥2 ® (&9i — 92)- 
By Lemma 1.1, agi = gi- ■ 

As in the classical case, there is a factorization result for inner functions. 

Corollary 2.7. Let (p±, <f2 be inner functions, cpi <E> ^ 2 (7i n ) C <f2 <8> J- 2 (l~Ln) if 
and only if there exists ip% inner such that <p\ = <p>2 ® <fi3 ■ 

Proof. Suppose that <p\ <8> jF 2 (7i n ) C ^2® F^ftin)- Then y>i = <f2 <S> ip for some 
ip G JF 2 (H n ). Let -0 = •i/'i ® V'e De the inner-outer factorization of ip. Therefore, 
<fi = (^2 <S> V'i) ® V'e- By the uniqueness of the factorization of <pi we deduce that 
ip e = 1. The converse is clear. ■ 

We will finish the details of Theorem 2.2 now. Parts (i) and (ii) appear in [Po3]. 
The third part is included in the proof of the next theorem. 

Theorem 2.8. cp G F°° is invertible if and only if ip is outer and there exists 5 > 
such that \\<p <S> p\\2 > ^INk, for any p G V . 

Proof.. Let (p G F°° be invertible and find ip G F°° such that ip<S>ip = ipfgxp = e$. 
Hence we infer that 

ip{S u • • • , S n )ip{S u ■ ■ ■ ,S n ) = ip{S u • • • , S n )(p{S u ■ ■ ■ , S n ) = lFi{H n )- 

Therefore the operator (p(Si, ■ ■ ■ , S n ) is invertible which implies: 



(10) 



range y?(Si, S n ) = F 2 (H n ), and 
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The relation (10) shows that ip is outer and (11) implies that there exists 5 > 
such that 

(12) \\<p ®p\\ 2 > 8\\ph, for any p G V. 

Conversely, assume p G F°° is outer such that (12) holds. This implies that 
(p(S u ■ ■ ■ , S n ) is invertible in B(F 2 (H n )). Let T G B(F 2 (H n )) be such that 

T(f(Si, ■ • • , S n ) = (p(Si, • ■ ■ , S n )T = lF 2 (H n ) 

Then for any h G F 2 (H n ) we have 

(13) T(p>®h) = <p®Th = h. 
Let h = eo and ip = Teo. Then (13) gives us 

(14) (p®ip = eo and T(<p) = e . 
We clearly have 

p> = e <8> <p = ((p <8> ip) <8> <p = p ® (ip <8> p). 

Then according to (14) and (13) we have eo = T(<p) = T(p> ® (ip ® p>)) = ip ® (p. 
Therefore, 

(p®ip = ip®(p = eQ. 
We claim that ip G Let p E V. It is clear that 

p = e <g> p = ((p ®ip) ®p = (p® (ip ®p) 

Therefore, by (13) 

T(p) = T(v? <g> (ip ® p)) = ip <g> p. 

Hence, 

II^IU = sup ||^<g>p|| 2 = sup ||Tp|| 2 = ||T|| < oo. 
pe(V)i pe(V)i 

TVip nmnf i« rnmnlp(:p ■ 
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3. Examples of inner and outer functions 

In this section we will present many examples of inner and outer functions in 
Recall that ip G -F°° is inner iff the map h — > ip <8> h is an isometry on jF 2 (?i n ), 
(equivalently, h — > /i <8> is an isometry on jF 2 (7i n )), and </? G F°° is outer iff there 
exists p n G JF 2 (7i n ) such that (g> p n — ► eo in jF 2 (if n ). 

The first observation is that any inner (respectively outer) function in H°° be- 
comes inner (respectively outer) in F°° if we substitute z by e/. We call these 
examples "inherited" . 

Example 1. Inherited inner and outer functions. 

For any / G J 7 , f ^ let Vf : H 2 — > jF 2 (if n ) be the isometry defined by 
= eh. We denote V/<p = iff. 

Proposition 3.1. Vf : H°° — > F 00 is an isometry. Moreover, if ip G is inner 
then <pf is inner in F°° , and if <p G is oirfer t/ien is oiiter in 

Proof. Let .F 2 = [eo, e/, e 2 , • • •]. Any h G JF satisfies = e^®e g for some G No 
and g <E J 7 that "does-not-start" from / (i.e., <Sye g = 0, see (4) for the notation of 
Sf). We decompose jF 2 (7i n ) as 

(15) T\U n )= [T)®e g \. 

S*e g =0 

Since G JF 2 we have that for any g G that does not start from /, 

Pf <E> [J 7 / <8> e 5 ] C JF 2 ® e 5 . 
Moreover, it is easy to see that 

SUp \\ ( Pf®Ph= SUp \\(pf ®p||2 = SUp ||^p||2 = |M|oo- 

p€(^®e s )i P€(^|)i P6(# 2 )i 

Combining this with the fact that acts diagonally in the decomposition of 
J 72 (H n ) given by (15) we conclude that || 

ff || oo || P\\ oo • 

Suppose that ip G -ff 00 is outer. Then we can find a sequence of p n G if 2 such 
that <pp n — > 1 in H 2 . Since Vf is an isometry on H 2 we get that Vf(<pp n ) = 

,0, tt" \ . „ ;„ t2/-lj \ T3,. n — 1 /I „.„ „„-i- j-U„j- :„ — j. — 1700 
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Suppose now that <p G H°° is inner. We want to prove that whenever hi, hi G T 
satisfy hi 7^/12, we will have that <pf <g> e/ ll _L <pf <g) eh 2 - 

Consider first the case = e'j, = for k 7^ I. Since (p G H°° is inner then 
tpz k _L <pz i . Hence using that Vf is an isometry we get that <pj ® e/^ 1^/(8 e/j 2 . 

Suppose now that G JF| <g> e Si , z = 1, 2 for some (71, (72 G J 7 that do not start 
from /. 

If <7i 7^ (72 then <fif <S> G JF| ® e 9i for i = 1,2. Since these two subspaces are 
orthogonal we conclude that <pf <S> eta -L <ff <S> e.h 2 ■ 

If gi = g<i then = e'j e g and = e^ ® e g for some k ^ £. Hence, 

(iff <g> e^, <g> e h2 ) = (iff <g> ej, 99/ ® ej) = 0. 

The last equality follows from the first case. ■ 

Example 2. (Invertible elements) If ip G F°° is invertible, then ip is outer. 
In particular, the following examples are invertible (and hence outer): 

(i) For (fi G ||^i||oo < 1 for z < /c, let 

ip = (eo - Vi) ® (eo - V2) <8> • • • ® (eo - <fk)- 

(ii) For (p G and </? n = ip ® ■ ■ ■ ® ip (n-times), let 

00 ip n 
n! 

fc=0 

(iii) For A G C n , ||A|| 2 < 1 let ip = z\, where the z\s are defined in Example 8. 

We will present examples of inner functions now. The first example is the sim- 
plest. 

Example 3. (The monomials) For every f G T , e/ is inner. 

Examples 4 and 6 below appear in [A]. 

Example 4. For every k G N let X k = span {e/ : / G F(k, A)} (i.e., the span of 
the monomials with k letters). Then any x G X k , ||x||2 = 1 is inner. 

Proof. The main point is that if fi, fa G F(k, A) and g,h G T then e/ x ® e g = 
e/ 2 <g) e/j iff /1 = / 2 and # = /i. 

We can easily see that if x = J2feF(k A) a f e f e anc ^ £ , g ^ h then 
x ® e g is orthogonal to x ® e^. If we require that ||x|| 2 = 1, x is inner. ■ 
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Example 5. Let e/ 1? • • • , e/ fe be monomials such that the first letter of all of them 
are different, (i.e., k 7^ i implies that fkiX) 7^ ftiX) )■ Then for any J2 i<k \ai\ 2 = 1 
we have that J2i<k a i e fi ^ s inner. 

Proof. The proof is similar to that of Example 4. Since the /j's start from different 
letters, for any g, h G J 7 , ef i <g> e g _L ej. ® en if i 7^ j- 

We can easily see that if x = Yli<k cae^ and g, h G J 7 , g 7^ /i then x ® e g is 
orthogonal to a; <8> e^. If we require that ||x||2 = 1, x is inner. ■ 

Example 6. Let ip G !F 2 (H n -i), HV'lb = 1? (i.e., V <^ oes noi ^ ^o^e any e ny ). T/ien 
<S> e n is inner. 

Proof. Let T n -\ be the set of words on the letters ei, • • • , e n _i. Let /1, / 2 G .F n -i 
and Oi, ^2 G J 7 . The main point is that 

e/i <g> e n ® e gi = e/ 2 <g> e n <g> e 32 if and only if /1 = / 2 and g\ = g 2 . 

To see this notice that the first time that e n appears in ef 1 <E> e n <8> e 5l is right after 
e/ x . Since the same is true for f 2 the words must agree before e n (i.e., fi = f 2 ) and 
after (i.e., gi = g 2 ). 

It is easy to prove now that if gi, g 2 G J 7 , gi 7^ g 2 , then ^®e n ®e gi _L i^<S>e n <S>e g2 . 
The normalization condition guarantees that ifj <g> e n is inner. ■ 

Example 7. (Mobius functions) For any f <E J 7 , and \i G C < 1, u>e /lave 

£/ia£ </?(/, n) = (ef — fi) <S> (1 — fief) -1 is inner. 

These are particular cases for Example 1 above. The products of these elements 
can be viewed as analogue to the Blashke products. However, [<£>(/, / u)(g)jF 2 (7i n )] ± is 
always infinite codimensional. In fact, since (1— //e/) _1 is invertible and (1— /2e/) _1 , 
(e/ — fx) commute, we have that h G [<p(f, fx) ®^ r2 (7i n )]" L iff for every ip G JF 2 (7i n ), 
((e/ — /j,) <8> ip,h) = 0. Then, looking only at the basic elements we get that 

(16) h G [<p(f, fi) <g> ^{Hn)} 1 - ^ Vg G T, {e f ® e g , h) = fx(e g , h). 

It is easy to see that 

k=0 

„„j-:„-C„„ „„j iU,.„ u„i .„ -t„ r „/-P ,0, Ml 



14 ALVARO ARIAS AND GELU POPESCU 

One can also check that if g G T "does-not-start" from / (i.e., Sje g = 0, see (4) 
for the notation of Sf), then hf(jj,) ® e s G [<p(f, aO ®J~ 2 (J~in)\ ■ Moreover, the span 
of these elements is dense in [<£>(/, jj) <8> ^(Hn)] 1 . We leave the details out. 

We need the following lemma in the next section. 

Lemma 3.2. Let O C {/i G C : < 1} be a set with an accumulation point in 
{fu E C : \n\ < 1}. Then C\Mf, f*) ® ^ 2 (^n) : / G ^, ^ G 0} = {0}. 

Proof. Let tp G HM/jAO ® ^(Wn) : / G G fi} and fix / G For every 
|i G O, we have that hf(fj,)) = 0. Hence, 

(V>, e ) + fi(ip,ef) + fi 2 (ip,e 2 f ) +/J 3 {ip, ej) H = for all |iGO. 

Since the map fx — > XlfcLo A* (V 7 ) e /) * s analytic on and the zeros accumulate inside 
the disk, the map is zero. Hence {ij),eo) = (i/j,ef) = 0. Since / is arbitrary, we 
conclude that ip = 0. ■ 

The following example is more technical and it is not used in the rest of the 
paper. However, it gives rise to non-trivial inner functions and to an interesting 
ideal in F°° that seems to capture the "non-commutativity" of the product. 

Example 8. 1-codimensional invariant subspaces. 

Let M. be a 1-codimensional subpace of jF 2 (7i n ) invariant for Si, • • • , S n . Then 
M = [z] 1 - for some z G JF 2 (7i n ) and [z] is invariant for S^,--- ,S*. That is, for 
every i < n there exists Aj G C such that 

z = \{Z. 

Assume that (z,eo) = 1. 

For / G F(k, A) let A/ = A/(i)A/( 2 ) • • '^f(k) and Ao = 1. We claim that for any 

(17) (z,ef) = Xf and then z = A/e/. 

To see this notice that for every i < n, (z, e;) = (2, S^eo) = (S*z, e ) = Aj. Similarly, 
(z, ei ®ej) = (z, SiSjeo) = {S*S*z, eo) = XiXj. Proceeding inductively we get (17). 
Since the A^'s determine z and M. we will denote them by z\ and M.\ from now 
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It is not hard to see that 

oo 

z x =^2 X f e f = 1 + 5^^ iei + ^ 2e2 ^e n ) k - 

fef k=l 

Then a necessary and sufficient condition for z\ G JF 2 (7i n ) is that || A 1 1 2 = ^J2i< n l^l 2 < 
1. Moreover, by Example 4 and Proposition 1.6, || Ai ei + •••A n e n ||2 = || Aiei + 
• • • A n e n ||oo and then z\ G F°°. 
We have thus proved: 

Proposition 3.3. Ai is a 1-codimensional invariant subspace for Si,-- - ,S n if 
and only if M = [zx] 1 - for some A G C n , ||A|| 2 < 1. 

It follows from Proposition 2.3 that Ai\ = - e J [^ r2 (H n ) ®(pj\ for some orthog- 
onal inner functions <p>j, j G J. Recall that \J\, the cardinality of J, is the dimension 
of the wandering subspace C\ = Ai \Q [SiM\®- ■ -®S n Ai\] for S\\m X i ' " ■> Sn\M x - 
Moreover, whenever dp G C\ satisfies ||</?||2 = 1 we have that <p is inner. 

Let Q\ be the orthogonal projection onto Ai\ and P\ the orthogonal projection 
onto C\. One can easily check that P\ = Q\ — J2i< n SiQ\S* and that 

Af 

Q x e f = e f - 2 z x for any / G T, 
1 1 -^A 1 1 2 

P\Zi = ,, 1 |i 2 ( e » ~ ^i) ® *A for * - n ' 
1 1 ^ A 1 1 2 

P\e = e - -n— 'm^A- 

If e/ = ei <S> e g for some i < n and (7 G we can also check that -Pa^/ = [j^jp ( e i ~ 

It is easy to see that (17) implies that z\ = z\, since Xf = Aj. Then we get 
Proposition 3.4. £^ = ■spanj^o, ¥>i> • • • , 0n} where 

ip Q = a Q [e Q - 1 ||2 ^a], and <^ = a i [ z \ ® ( e i - \)] i = 1,2 • • • ,n. 

1 1 ^ A 1 1 2 

The ai G C are chosen so that \\fiW2 = 1 for % = 0, 1, • • • , n. Moreover, the tpi 's 
and any normalized linear combination of them are inner function. 

Remarks. (1) We have that Ai\ = F 2 (H n )®<p +F 2 (H n )®<p 1 + - ■ -+F 2 (H n )®<p n . 
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(2) We also have that ip G M.\ if and only if {ip, z\) = if and only if there exist 
Qi G JF 2 (7i n ), i = 0, 1, • • • , n such that 

i> = 9o ® &o + 9i ® £i H h #n ® <^n- 

This can be view as a "weak-factorization" result. 

(3) It is easy to compute that H^aIII = i-||A|| 2 • 

If M. is an invariant subspace for Si, ■ ■ ■ , S n and p G V we always have (Propo- 
sition 2.3) that p® Ai C M.. In general we do not have that M. ®p C M.. However, 
this is always true for the 1-codimensional invariant subspaces. 

Lemma 3.5. Let M\ = [zx] 1 - for some A G C n , ||A||2 < 1. For any p £ V we have 
that p <g> M\ C M\ and M\ ®pC M\. 

Proof. The first inclusion is clear. If (p G M\ and p E V then (p <g> z\) = 0. 

The key point for the other one is that (p G M.\ if and only if <p G .Ma- To see 
this recall that z\ = z\. Then 

If p £ V and ip G .Ma we have that 

(ip <g> p, z A ) = (ip<S>p, z\) = {<p®p, z\) = (p ® <p, z x ) =0. ■ 

Let N = ri||A|| 2 <i and jV°° = A/"f|^°°- A/" is a "2-sided" invariant subspace 
and J\f°° is a two-sided ideal in F°°. 

There are plenty of elements in M. For example ip = ei ® e 2 — e 2 <8> ei G A/". For 
every A G C n , ||A||2 < 1 we have 

{ip, z x ) = (ei <g> e 2 , za) - (^2 ® ei, z A ) = AiA 2 - A 2 Ai = 0. 

More generally if / G F(k, A) and n G n fc , (7r is a permutation on {1, 2, • • • , k}), 
let tt(/) G F{k, A) be defined by n(f)(i) = f(n(i)). Then e/ - e 7r(/) G A/". 

Proposition 3.6. F°° /A/"°° is a commutative algebra. 

Proof. Let </? = J2feF a f e f: ^ = J2 g eJ r ^ ) 9 e 9 ^ e elements in We want to 

prove that (p ® ip — ip ® (p E Af. Notice that 

Let A G C n , ||A||2 < 1. Since (e/ ® e g — e g ® ef, zx) =0 we get that ((p ® ip — ip ® 

in y.\ \ = fl Sinnp A is arViitrarv wp finish ■ 
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4. REFLEXIVITY RESULTS 

Let H be a Hilbert space and B(H) be the algebra of all bounded operators 
on H. If A E B(H) then the set of all invariant subspaces of A is denoted by 
Lat A. For any U C B(H) we define 

Lat U = p| Lat A. 

Aeu 

If S is any collection of subspaces of H, then Alg S := {A E B(H) : 5 C 
Lat A}. The algebra W C is reflexive if U = Alg Lat W. 

The main theorems of this section are the following. 

Theorem 4.1. The algebra {<p(Si, S2, ■ ■ ■ , «S n ) : V G -F 00 } is reflexive. 

Theorem 4.2. // W is a strongly closed subalgebra of {(p(S±, • • • , S^ n ); </? £ F 00 } 
containing the identity then U is reflexive. 

Proof of Theorem 4.1. Let A E Alg LatF°°. For every cp inner we have that 
F 2 (H n ) £g> </3 G Lat Then A[F 2 (# n ) <g> $ C F 2 (H n ) <g> In particular we have 

(18) = ^ ® ^ for some -i/v £ F 2 (H n ). 
For every / G we can find -0 / such that 

Ae/ = ipf <S> ef. 

(Notice that both e/ and e/ are inner and we do not have to carry the tilde). 

Let k > 1. Example 4 of Section 3 tells that x k = a k S/eF(fc A) e /' where 
afc = [card(F(/c, A))] -1 / 2 , is inner (notice that x k = x k )- Using (18) we have that 

(19) Ax k = ip k ®x k =a k ^2 ^fc®e/. 

/€F(fc,A) 

On the other hand, we have that 

(20) Ax k = A(a k ^2 e f)= a k Ae f= a k ^f® e f- 

^ /€F(fc,A) ' feF(k,A) feF(k,A) 

We claim that for every / E F(fc,A), ^ = -0/. Fix / G F(fc,A) and let P/ be 
the orthogonal projection onto jF 2 (7i n ) (g) e/. From (19) we get that P/(Ax k ) = 
dk^k®^f (the other terms are zero), and from (20) we get that Pf(Ax k ) = a k ifjf®ef. 
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Let k > 1. Example 5 of Section 3 tells us that y = -^[ei + e^] is inner (notice 
that y = y). Using (18) we have that 

(21) Ay = fa®y=-^=[fa®e l +fa®e k l }. 

v 2 

On the other hand, 

(22) Ay = -t= [Ae x + Ae\\ = -±= [fa ® e x + fa ® e\\ . 

The last equality is clear since e\ has one letter and e\ has k letters. Combining 
(21) and (22) we conclude that ipk = fpi- 

Summarizing we have that Aeo = fa for some fa G B 2 (B n ), and if / € F(k, A), 
k > 1, then Aef = fa®ef. It is easy to see that G B°°. 

Let B = A - S 2 , • • • , S n ). We still have that B G Alg Lat B°° and if we 

set ip = fa - fa, 

Be = ip 

Be/ = if f^O. 
We want to prove that B = 0. This gives us that A = fa G B°°. 

Equation (18) applies to B as well. That is, if (p is inner, then B(p = ip ip ®(p. On 
the other hand it is clear that B(p = (eo, V?)^. Hence, if (eo, <£>) 7^ 0, we have that 

*!>= -. 1 ^ ® y € F 2 (H n ) ® 0, and $ e <p ® F 2 (H n ) . 
(eo,W 

It is easy to see that <p(/, /u) (the Mobius maps of Example 7, Section 3) satisfy 
(eo, tp(f, A*)) 7^ for any f £ J 7 and < |//| < 1. This implies that 

^ e f|M/, ^) ® ^ 2 (^) : / e ^, < |//| < 1}. 

By Lemma 3.2 we conclude that ip = 0. ■ 

Remark The previous proof does not work in the commutative case. We are using 
the fact that e\ and e 2 are non-commutative to conclude that [e\ + e 2 ] is inner. 
However, + <2 fc ] is n °t inner in B°°. 

The following notation will be useful in the proof of Theorem 4.2: If A G B(H) 
and m is a positive integer, then 7i( m ) denotes the direct sum of m copies of 
Ti and A^ stands for the direct sum of m copies of A. If U <Z B(7i), then 

7 j(m) r A (m) . A r- 7 j~\ 
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According to [RR, Theorem 7.1], if U is an algebra of operators containing the 
identity, then the closure of U in the strong operator topology is 

{B : Lat U {m) C Lat £? (m) for m = 1, 2, 3, • • • }. 

To prove Theorem 4.2 we need the following 

Theorem 4.3. // A, B G {ip(Sx, ■ ■ ■ , S n ); (p G F°°} are such that Lat A C 
Lat B, then 

Lat A^ C Lat B {m \ for any m = 1, 2, • • • . 

Proof. It will enough to show that every cyclic invariant subspace of A^ is 
invariant under B^ m \ Let x ^ be an element in F 2 (H n )^ m ^ and let M. = 
V Si™ x. According to Lemma 2.5 there is a unitary operator U : F 2 (H n ) — > M 
such that 

S^Im = USiU~\ for any % = 1, 2, • • • . 
Since A and £? are strong limits of polynomials in Si,---,S n it follows that 

A^\ M = UAU~\ and 

(23) 

= UBU' 1 . 

Let £ be the smallest invariant subspace of A^ containing x, i.e., 

g = \/ 4 m) ^- 

Since = ip(S[ m \--- ,^i m) ) for some ip G F°° it follows that ^ C M. 

The relation (23) and the fact that A^Q C implies tMt/" 1 ^) C Q whence 
^(t/- 1 ^) C But Lat A C Lat B implies B^^G) C t/ -1 ^. Therefore, 

UBTJ- 1 {Q) C C? which together with (23) show that B^Q c <?. ■ 

Corollary 4.4. Let A,BG {</?(Si, • • • , £ n ) : </? G 6e swc/i £/iai Lat A C 

Lat £?, t/ien £? belongs to the strongly closed algebra generated by A and the 
identity. 

The proof of the following theorem is analogue to the proof of the Theorem 4.3 
if we replace A with any subset A C {<p(Si, • • • , S n ) : <p G F°°}. We omit the 

c 
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Theorem 4.5. If B e {<p(Si, •••,£„): ip G zs smc/i Lai „4 C Lat B 

then 

Lat A {m) C Lat B (m) , /or any m = 1, 2, • • • . 

Moreover, B belongs to the strongly closed algebra generated by A and the 
identity. 

Proof of Theorem 4.1. Let Be B(J r2 (H n )) be such that 

Lat U C Lat B. 

It is clear that 

Lat {Si, ■ • ■ , S n } C Lat {<p(Si, • • • , 5„); v 7 e c Lat W C Lat B. 
According to Theorem 4.1, we have 

Now Theorem 4.5 implies that B eU. ■ 

Let us recall from [Po2] that an operator T e B(J r2 (H n )) is called multi-analytic 
if TS'i = SjT for each z e A = {1,2,- ■■ , n}. The following result is an easy- 
consequence of Theorem 4.2 and the characterization of the multi-analytic operators 
in terms of their symbols [Po4]. 

Corollary 4.6. Any strongly closed subalgebra of multi- analytic operators contain- 
ing the identity is reflexive. 

Let us remark that in the particular case when A = {1} we find again the result 
of Sarason [S] . 

5. Open Questions 
We finish this paper with some questions. 

Let Inv be the group of invertible elements in and Q be the connected 

component in Inv (F°°) which contains the identity. From the general theory of 
Banach algebras [D] we know that the collection of finite products of elements in 

— too • n „„j a„i t„,. / t?oo\ in :„ „ j;„ j-„ „ 



FACTORIZATION AND REFLEXIVITY ON FOCK SPACES 21 
Problem 1. Characterize Inv {F°°)/Qq. 

Problem 2. Characterize the proper maximal invariant subspaces for the K-orthogonal 
shift of J 72 (H n )- 

It is clear that all of the M\ of Example 8, Section 3 are maximal. However, 
there are many invariant subspaces for the shift that are not inside any of them. 

Take, for instance, e/ = e\ ® e2 <8> • • • ® e n and /j, G C, ^= < < 1. We claim 
that M = !F 2 (H n ) <S> <p(f, y) is not a subset of M\ for any A G C n , ||A|| 2 < 1. (See 
Example 6, Section 3 for the notation). 

It is clear that M C M. \ if and only if z \ G M 1 - and since z\ = z\ it is equivalent 
to z\ G [ip(f, n) <g) J 72 (Hn)} ± - Using (16) we get that M C M \ if and only if 

V<7 G JF, (ef ® e g ) = fj,{e g , z\), equivalently 
G , A/A s = fiX g . 

Since Ao = 1, we have that A/ = A1A2 • • • A n = \i. However, J2 i<n |Ai| n < 1 implies 
that 

= I A1A2 • • • A n I < 



. n 

contradicting the condition on (i. 

Problem 3. Characterize the proper maximal subspaces of T 2 '{J~t n ) of the form 
f <8> T 2 (Tin) , inner. 

It follows from Corollary 2.7 that if (fi, ip2 are inner and ip\ ® ^(Hn) C ^2 <8> 
jF 2 (7i n ) then there exists (^3 inner such that cpi = (f2 <8> ^3. Then the maximal 
subspaces of the form </? ® ^(TCn) correspond to "prime" inner functions. 

Problem 4. is every inner function <p a product of "prime" ones? The question 
referes mainly to convergence. 
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